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The purpose of the present paper is to s how that a chain reaction can be 

achieved by UBing an element like carbon tor 4owing down th e neutrons in certain 

particular systems oompos~d ut uranium and ourbon. The theory which is given 

1n the present paper can be applied to el•menta other than curbon but it does 

not give any useful information tor systems composed of uranium and hydro~en. 

Tholl6b one might think t.hat carbon should be much less etficie!lt for slow-

1ng down neutrons than hydroeen from several pointe of view it would be pretera~ 

ble to use carbon in the form of graphite rather thM hydroc;en in t.he f orm o! 

water. ' The captu..re cross-section of ca.rb~n for ther:nal neu trona Uc (c) i!S 
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small. .1n upper limit of G";(() > Q , 01 ..\: 10 ~"" has been reported by 

JPrisch, Halban and Koch, but this upper limit is not sufficiently low to allow 

us at present to conclude th · t a chain ~ eaction c ould be oaintained in homogene-

ous mixtures o1· uraniur:1 an carbon~ For neutrons it tu... es about 6.5 collisiona 

with carbon atoms t. o reduce 1-heir ener c;y y a factor or e. Thus a neutron l'lhich 

is being slowed do v.n by carbon stu.ys for u lonw time \ i thin the resonance absorp 

tion region of U1 anium. Conseq·.1ently, very low Ul'aniu.o concentrations woul.!l 

have to be used in order to avoiu thtt a larg$ fxaction u~ the fast neutrons 

emitted by uranium is absorbed ut resonance by ur e.nium. A.t such very low urani~ 

um concentrations, on the other h:.JJ. · , th e fraction of the therr'.al neutrons \thicb 

ia absorbed by carbon miGht perhapa be too lar6e to permit a chain reaction. 

It will be shown, however~ in :.he present. paper that if ins tead of using 

a homogeneous mixture of uranium ~.no. carbon a large num1 er of spheres of urauium 

which may !arm, for instance, a close-packed hexagonal or cubic lattice are 

embedded in car bon , the ratio of the n~ber of thermal neutrons dUd the number 

ot reeonanc~ neutrons absorbed by the uranium can be so much increased that a 

ohain reaction will become possible. It will be seen that this ratio· $trongly 

depends on the radius of the uranium spheres and that a rathe~ small rudiua 

must be ohosen in order to obtain most favorable conditions. 



' 
- 2.- 11 -S5 

Jin~lE' sph !"E:'- 0 •' r u:n 

lte Wl h 0 •'1 r .. t~n tE' c. tfv r· + ~~' 

er'1ln l ne ror.s. n 'hP '1'1 'f' r 0 re ~ I )l i'> !' :1q r . 

a S[li-t eret " Itch t. t''1h 11, 11 l 1 Hr, 

filled with cqrbon, 1n "i-t E> At E' 'tR l c-t~<' 1'1 \ 1ch 

neu rona a~d ~er~~l neu+ro~s pr orl ·e : ~r c . c . 

'1 ~ '1\1 

ord e r to obtain a .onse• ·v ative e q ~'\ e • r l,e vql e v:' ..-

t hat all erl utrons v. htch have~~ pn,>:·.~y be w e 

', e ... 'l • 

. h· .• 

' - '- ...... 

v.here E11 iB the energy nt wh ich her ::; n·1nce hsur-p ion , . .J'Htd n i.r,s 

ita maxi ll1llm, are abs o'"bed b y r · niu:n '1 t re .-o:t r l'P 1f e rE'n · • I •' 

fac e of the urani u m sphe r e by i ;fusion . 

vat i v e a esu11ption c1n be seen by consid t>r n--: 'li :"l'h'0"' 1 ' 10:1 l tn 

, ( 

),... -

obe ys the Bre1.t 't{1-rne r fo r mul a and as its -rt•xt mtm Ht [., • . or f't'h a 

a b s orption line t he a~so tion fnlls Jf · wit . 1/ v in h P her11r 

re ~i on . It re a ch e s a mi ni~1l a t 

a R;ain so r n- i d l .v that if E0 is no t t no c lose to he thernal r ton He 

abs or p ti on b e comes ne,:.li1~tb l e fo r 2. E0 • If E
0
is hi ·h e r than t'ive V) ts 

a nd i f the temper tu r e o · the t he r •na l neutr o ns does not exce II( l/10 of a 

v ol t then ~he absor~ ing cross - sec tion be y ond 2 E
0
is l e ss t • an ~/LO of 

the absorbi ng c r oss - se r· ion f or t h •~ thermal n r> utrona . 

A. neutron Nh ich is lowe d d own 'Y e lastic coll is i ons wit h c arbon 

a t oms and vhi ch ent ers t h e re s ona nc e a t E 2 E wilt survive on t e ,_ 
oV:l 

a v e rage k col l i sions with n t he r e sonance regi on h et we e n E z.. an anJ 

wA have 

Under t h e aseu~pti on which we ha v e 1nde above ~ 

1hi s aay be bompared with the averAge nu1lb t r o f ela ~ t io col list ons k '""'­

which a thermal neutron wil l sur vive i n carbon be :·ore b ei nR c a ptu re d 1'.' 

a carbon atoa. .::J inoe t he o np t ure cross- s ection o f c n r bon is s11nll c o:n­

parecl with~ ((; the scat t ering cro .- s - s e c tion o ' c a rbo n fo r P .er11nl ne 1 -

~ 
trona the probabili.tyf, (~) t hat a therma l neutro n wil l ~urviv~colli~ i o ns 

d p G( ({) 
in c a rbon wil l b e given b y _ It ___;;;..._..;_._ 

~ , rt~) e C"i c(() 
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Accordin,~;:ly, k the average O'l 'TI e> r of collisions which a ther:nU neu on 

will mAke \\i th carhon atoms bel'ore be1np- cap ured is ~ven by 

o t nat 
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Let ua now first determine •he number of ther neu t roM which 

are absorbed by a ein~le uranium sphere of radius R embedded in an 

infi nite apace filled with carbon if ~ thermRl neurons a1e 1 roduced 

pttl" cc and sec. in the carbon. If R is lar~e compared to) (() / t"l.e'!lean 

free path for elasic scattering of thermRl neutrons in carbon/ he den-

sity j of the thermal neu rona in the carbon e rn be crlcul~ ed by t1eating 

the problem ae e diffusion phenomenon. We th c :·ind ··o r f s a :'unction 

of the distance r from the center of 

j) (() d lf-rf) - ~It) 7' r 
tf y-o "L 

/)( f= v- ~ (C; I A(ef-

t-he s here 

~ ( "'Y'- ) 'Y'-

-v- c-;(C) 
NC)as;(cJ 

-o 

If the same number of t-her11al neu ' r ona are : roducell ~..v - l'.V "' ~ f'r in e 

carbon per cc and 

For a sphere wl•i ch Rbsort- ee each theraal neutron .. hich :~~~~~. /) 

su r·face i.e. fo r n " black" F1phere we have f(R.) =-Onnd~) 1\ 
/':') . £J - (-,--R>h. 

! ~) -:=~( 1- ~e. ft) 
S(c) ., 

If =iff: ). (0 VUild ;-3(:) if~'((, 
s 1.[3"' Uc {() .J K.. the nu~·ber o " thPrm'"'l neutron <> 1 ~·:r ~ qb··or~ ea y n s· n ~ 

uranium sphere p er sec. is · iven by 

J ~<= lJt)lfJTI?jtt?) 
,_ 

and for a black uranium sphere v.e fi nd fro1 .o . ~ J ~ J'o ~( - ,.. 

t-Z Jo ~ =::: 't i; Q K p 1- ( I ~ R1J ) I ·/1 /~(_( 

]J 
where R h"'e the dimension o·· A l e~~ •11.!. b cr::.. ~ 

the ranpe of thermnl neu•rons in cr r~on. 
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Quite simi l arly since we a.s :;;ume thu. t the Ul'a.niwn ,;phcrc L., 11 1lao.ic" fvr 

r esonance neutron s we cu.n 1ri te for j 'M<lthe nuu.be r vf r eoon 1ce nt>utron .:; 

absorbed by the sphere per second with ~ood approximation 

7 ~ ""' RfB ) ( 9 ) - 411QR~ t I ._ v 

where ).,~ 

~ 8 -
(10 ) VJ 

i s the c. ea.n free .., ~th .... ::.· res0nunc c nt.~utrons 1vr sc :...tto..-r i nt · ~t.nJ. b llu.s 

the imenSiOU 0 f a len~th ...!1
1 Will UC c:lllcd th e I';..UlL"C J l' 1.. ! ..: l'e.Jun cll CC •: U -

trons in cu.rbon . 

Exp r essivn ~o . a is 1du1t.ic · 1 •i tl tLe ex ~rc · sio:l .:o . 1 \', .ic :. r . .:> • ¥ _·..; r 

a. srhere which is 11 bl.l.Ck 11 fOl' ther;}lO.l n ettrons . - 11~: tl.t ' · -- .tc .· : .:> r A 
th e wC:J.n f r ee rath for SCutt erin ll.!lCl ~ :-he t!. V l l':.l c"C llllioth r .., _ c;O l i s iO'l :J 

wh i ch a neutron SU1'Vi ves .. i ch in t.he ..:u t e r ... .r· ~ calleu. the r c....t.l 0 : · ·es J' W. <..! •' arc 

i f f e r ent fJr thes e tHO .::a.te ~0 nes of n eutruns . It- w.:mlt ue s ric tl~ :rue 

that J the uuwber or n eutrons l.. t- loncin_; to a c a ".e ( Jr:: \, i c l ·:~ ill reach u~ e 
s pher e by d i ::.'.fusion c r second i:::; u. e t e.:.t:'.inc · in t.l.e o UJ:; l. .. :... : . v l' . 1 :·:- l'C.tt 

o a t ecv ri es ;;; J... the c.et ... '1 ::.·r ee :' :.~.th and J r/.. J t he i'unction . -.-.1.:.1 ,; the 

proba bili t y of surviviuc; h collisions .. it.h cu .. rl>on atoms . In 1 ca.J..it.;y tllc 

f uncti on/( 4) 1 .., ii ff~. re 1 t for Lhermal ... n i'or rcson ....... lc o..- u -...trolls u .. nd ex't'lrcs ­

s ion :lo . 9 holds in so .i'n.r a.s we r.~ . : as:;w .. e that J is d.e t cr:ni ne ... i:t: suf-
- ~ ~ fici en t aocur~:~.cy by 1\, a.Dl .. ~ = j lt. ?(lud f... .. t.e :i'i rst ::.o:::c:o.:. .) :· ,( ) 

0 
From No . 6 anu No . 9 v.~ j_'ino. u. ::. the valu.e J::.' f . :;_'u. t ~ :J ' .c . c . .r . ict. is 

"black" ..1..-:> r ;. h c rrnul r..c~trons ~ -;- f 0 

~ ~ R//1 
,.,.'?/~ ¥> 

- ~k) 

(ll) 

Assumine; , for exucple , ~~ :::- ¥· rY;' <:f;(C) > 0~ oo~ ~.A..(_c)-= (.ljwe 
find for t_;r u. )1hi t e of density 1. 7 : 

If~ 't-.3,)~ --
and so ob t a in ::or ...; m_ll vulue::> 0 1' n 

.it..~ z o (o) - >- 4 .f 
13 l. -

and f or larg e v alue s .:>f R 

Z of~) ) Lt - ~ , 7 -
,. B 
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Large values of R oorre spond to pl'nne lu. urs _ •· :.u·~:..:1iw.. u • 

of theae twv values for ( & illuntrates ho' v e. r:"J.cL .3 ;.per r .~-:·.1 1 

apherea of uranium nr e to plu.ne layers. 

& real sphere of w.·anium 

f• 1\. ~ 

havi/i. a.A_ ..... v.iu: r-eltlw (l ee .1ti ete.- ~ 1B ll't 

o.n.iJthe numLer 0;' <.Lt. r c..u.l :1 • ..1:: .~. a.:;urte~ 
:loll._.. ••' c wr i 'L 

"blaok" for~JPeiW~&n~eutrons 

by the sphere~1s smaller Lhun 

I 2. ~ J tA -= Jo ~ f 

I?J 

;; r? ) 

and aooordingly we have 

~ == t 0 r ~ r'~ I 

I n orde r to calculate ~ we take in <.o a ooount that insidP 

urani um sphere the th ermal 

])(I.() aY? e> 
c/ ·r- "I... 

j) u J = u- A- (Ci. ) 
3 

having as i ts eolution 

= 

n eut r un density f obeys the e quut ion 

- /'(!f) rJ = 0 

~{~);:: v-~ a;_(U) 

-r-'-R 

he 

j~J 
c ( "'/1( - e 
7-

where t{ .,. J/f 7'ZD~IIi''""":"'. -=iiille,..a......,JII!II'M'I~.a~IIMIIilllll!-...,•-.a~coGI"'"'•>ee v-~-(;!~; lL) 

and for .t•aat•!lllilil' a· •=••-Bl*~'ba'••• :po.re uranium me tal we hn v e 

j,{ 

and / {, we !ind t hat J the number of thermal 

neutron• d1ftu.1ng int o the s phere per s eoond i s cli vsn by 

J ~fo 't 
. I 

~ -vl?!~t 

~a.lul ( ~v+ ~~ ~} 
/.,L t - ~ I ' 

wber~ 
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For ur:.mium in ita pure stnte 1.'' lu.ve from :io . 14 , 18 , ,-uhi lJ 

( 2 Oa. ) 

- ~lv 
€ 

I 
R! 

(J 

I 

+-

- /C(U) 

For f</U > 'L we cw .. rite G-~ I , Lhc . iff 1·c. ce ~ ci.l t. 1 1 ~ 3. 5.(l'or 

f<;v -= 2 • 

'rLe _·L·s t fac to r in exn ressio:J. :lo . :2 0 u i.!'lcrenses ""~ropvrtionutel;y with 

t ne reciprocal v!:Uue of L .c capture cros s -oect.ion o f cu.rbon . Th e seoo nd 

factor is ~ructic · 11~· ind.e""~ endent J:: tLc c:...rbon cros3- ccct10f\ since we 

have I?~ ~ '- I • Its value is iete rrr.ined b,:, t.hc uensi ty of l . .-r uT'hi-::c !Ul.d. 

~~~~ UQ.' l..C uranium and t he nucle!..r values u~ <A. J - • '1'he vaL.1e of R may be 
~/A J 

so c hv sen as to ::-.a.Ac this f<.1c 1.or n. ::~ aximun. 

All ex-nr ossiono for ~ were so f:.u- o1t:.1.L cd from dif.' :- ion e c;,u .• tione 

1nvolv1n6 the assumpti ons 

R ~ ~ )v(C) i R ~ ~ ~{l() • 
I 

(/->>A(V) 
For small values vf R t he problec co.."l no lo!l_;cr be t 1·cu.teu u.s ,liffu~ion 

phenomenon and we shall, there fo re, refru in from uainc ex~ression No. 20 

or 20 a for values of R of less than 5 em. 
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Single spheres of urani um • 

We wi s h to first calculate f , t he ratio of the number of 

thermal neutrons, and the nurnb er of restnance neu t rons which are absorbed 

by a sin~le uranium k sphere~ which is embedded in an infinite space• 

filled with carbon, in t he special case in w ich the nurnbers ~f res~nance 

neutrons and thermal neutrons produced per c.c. a~d second are equal and 

have the same value throughout the whole inf inite mass of graphite. -•~-­

order to obtain & conservative estimate for the value of ? we shall assume 
,., ~ (" -....v--t£ /a I -. 

that all enutrons which have an energy between E 1 =- 0.2 E., and E~ 2Eo 

~here E0 is the energy at which the resonance absorption of uranium has 

~ maxi~. are absorbed by uranium at resonance if they reach the sur -

face of the uranium sphere by diffusion. That this is indeed a conser -
i 

vative assumption can b seen by considering an absorption line hhicn 

obeys the Breit - 'Ugner formula an as its maximum at E 0 • For such an 

absorption line the absorption falls off with 1/v in the thermal z.X.ax 

region. It reaches a minimum at 0.2 E
0
then it rises up to E

0
and falls 

again so rapidly that if E0 ie not too close to the thermal region the 

absorption becomes negligible for 2 E0 • If E0 is hi~her than five volts 

and if the temperature of the thermal neutrons does not excee~ 1/10 of a 

volt then the absorbing cross- section beyond 2 E0 is lese than 1/10 of 

the absorbing erose- section for the thermal neutrons 

A neutron which is s lowed down hy elastic collisions with carbon 

atoms and which enters the resonance at E :a E, wilt survive on the 
~ 

average k collisions w1 thin the resonance region between E ~and E, and 

Under the assumption which we have :nade above c..'·~. E~ = 2 Eo 

..... 

'!= ~ 
I -I 

I his may be bompa.red with the average numb E> r of elastio collisions k 1-4 

which a thermal neutron will survive in carbon before being captured by 

a carbon atom. ince the capture cross- section of carbon is small com­

pared with G:: K) the scattering cros s - section of carbon for thek:mal neu -

trona the probability;,rl.a_) that a thermal neutron will survi~collisiona 
in carbon will be given by _ { ~rf~ 

f Glc(J 
~, (h.J e 
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Accordingly, k the average number of collisions which a thermAl neutron 

will make with carbon atoms before being captured is given by 
t< co 

~ - c.)/~ f , rl:; dL 
so that 

(Z) 

3 



Quite similarly sinoe we assume thu.t the uranium sphere is "blaok" for 

reaonanoe neutrons we oa.n write for j "M()the number of resonance neutrons 

absorbed by the sphere per second wi th cood approximation 

(9) 

where 

(10) 

is the me an free path of resonance neutrons for sca ttering and B has 

the dimension of a len5th and will be called the range of the resonance neu-

trona in carbon. 

' Expression No .,is identical with the exnression No .~which holdsf L,or . 
a s~here which is "black" ~or thermal neutr,~.':?,·.b~e ;..'#0.;-z.., :;:"­
.the meu.;a i'~ee pat~ fep &9a=liile:riuo sd ~~average number of collisions 

which a neutron survives ithin the cate5ory called thermal or resonance are 

different fur these two categotles of neutrons. It would be strictly true 

that ;J the number of neutrons belonging to a catego ry which will reach the 

sphere by diffusion per second is dete rmined in the same way f or different 

categories by vA. the mean free path and J rl.. ) the function gi ving the 

probability of surviving h collisions v;i th carbon atoms. In reality the 

tunctionJ(~)is different for thermal and for resonance n eutrons and expres­

sion No. 9 holds in so far as we m~' assume that J is determined with su:t­

fioient aocura.oy by A and~= Jh!['l, .. )d ~the first moment of ?(k) . 
0 

From No. 8 and No. 9 we find as the value of ~ for a a h e1•e which is 

"blaok" for "thermal neutrons ~ -::- l 0 

A., 1-1- R/,~t 
fo- j3..._ /#ol?lf3 , ,f 

A.ssuming, for example, Q;"'- =-It- i'/ 6';(( ~ 0•0.0~­

" (11) 

find for graphite of density 1.7: 

/f~lt3,r~ 
eo-o-btain. ~.r.. smal.l value l:ff R 

-
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Large values of a correspond to plane l~ers of uranium and a comparison 
/ , 
alues tor f 0 illustrates how very muoh su'J>erior small 

to pl 
.r. 

fin i te 

A real sphere of uranium havi~ a~adius eelew 8 eentimete»a is not 

"black" rorpJP•GW~eutrons an~he number or thermal neutrons absorbed 

by the sphere4is smaller than ~ • We write 

/2-7 J ~-= 1~1-<- f 
and accordingly we have ;1 '-

/?J) ~ == zo f ~{I~) £= zs~ 
In order to calculate ~ we take into aaoount that inside the 

uranium sphere the thermal neutron density f obeys the equation 

· .]) {I.( ) #(' 'tf1. C' ) - ;t(l{ ) rt = 0 
cf-,.."'L 

!JfuJ ._ ir- )L. (t{) , pi(l.tJ = v-~ u;_ rtt J 
3 I 

having as its solution 1'/i( - ~ 

(16) jlr-J = f 1 t e ) , ~ t... ~ 
j '7)7 I \ [A, (!-( I ~ 

f7) where t{ , f S ~ . illlJ•••~~-•••..,• ..-111111111-.11111117•• _..laaeM'.ee -== v 3 · tif ~ ( ~ j 
and for .-·-.s=••a.a.•'•?•rllillillllill?l'lll:li·•• pure uranium metal we have 

-- 7 

(1 -== A, (11_) ~ i~!tt ) 

.From eqUS:tions .:6 1 f.( 
1-< 

and I b we find t-hat J the number of thermal 

neutrons diffUsing into the sphere per second is given by 

where 

J~ 1o r 
~ -ct?!~ 

)~ (u ; ( ~;; .... t.::Az .. --u. e v- ~ ., 

., 
---------------------------------

TJ 
-fj 
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Single spheres of uraniu~ 

We wish to first calculate~ the ratio of the number of thermal neutrons, and 

the number of resonance neutrons which are absorbed by a single uranium sphere, which 

is embedded in an infinite space, filled with carbon, in the special case in which 

the number of resonance neutrons and thermal neutrons produced per c.c. and second are 

equal and have the same value throughout the whole infinite mass of graphite. In order 
O..SSI..{rtle 

to obtain a conservative estimate for the value of E we shallAthat all neutrons which 

have an energy between E = 0.2 E 0 and E = 2E 0where ED is the energy at which the reson-

ance absorption of uranium has its maximum, are absorbed by uranium at resonance if 

they reach the surface of the uranium sphere by diffusion. That this is indeed a con-

servative assumption can be seen by considering an absorption line which obeys the 

Breit-Wigner formula and has its maximum at E0 • For such an absorption line the 

absorption falls off with l/v in the thermal region. It reaches a minimum at 0.2 E 0 

then it rises up to E 0 and falls again so rapidly that if E0 is not too close to the 

thermal region the absorption becomes negligible for 2 E 0 • If E 0 is higher than five 

volts and if the temperature of the thermal neutrons does not exceed 1/10 of a volt 

then the absorbing cross-section beyond 2 E 0 is less than 1/10 of the absorbing cross-

section for the thermal neutrons. 

A neutron which is slowed down by elastic collisions with carbon atoms and which 

enters the resonance at E = E~will survive on the average k~dollisions within the 

resonance region between E l. and E 1 and we have 

Under the assumption which we have made above t' · e • f-... = 2 f ·o J' 

/(~ _ '· s- .1m.. 10 =I~ 
This may be compared with the average number of elastic collisions k which a thermal 

neutron will survive in carbon before being captured by a carbon atom. Since the 

capture cross-section of carbon is small compared with~~(C)the scattering cross-section 

of carbon for thermal neutrons the probability~1 (~)that a thermal neutron will survive ~ 

collisions in carbon will be given by _ ~ "~(~~ 
<;,t4) - e o-Sc(c) 
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