
LATTICE QE URANIW SPHERES 
~~~~~--If we an infinitely large number of uranium sphere s formin a 

lattice embedded in an infinite mass of carbon and wmr t t~ calculate the rat~ 
..,£.~ 

of the numb er of thermal neutrons ~d I e&e!itmee nel:l=h·o~a a'Beep'g e~ by the w a­/.r ~ ..._4>J;~· · P-/~--t,_ ..... ~ ~A --·~-.:>~· -. .....-c..,..~ 
nium spheres,~ .... -~~ that everywhere in the 

carbon the same number Q of neutrons enter the resonance region aai iae iae•-

~ •eei9B per c.c and second. 

In the absence of uranium the thermal neutron d ensi ty in the graphite is 

g1 ven by J 0 = ! -· . If a lattice of uranium spheres is embedded in the 

carbon, the average neutron density J in t he carbon .is reduced by some 
factor r{ • ( ~ ~ ·- _..:., ~ ,.4 ~ ....L• ' ·~~ ~ -r _,_... · ""-
~ ~· 'k · t; ~ · -) / - o( fo / 

Since the numb er of neutrons by carbon is :proportion-

ate to the average neutron nee in the absence of uranium all 

the neutrons produced are captured t e f r ac t ion of the neutrons 

which is captured by carbon in of tfi lattice is given 

by c< • Correspondingly, the absorbed 

by the uranium lattice is by 1-r/:. ~ 
the number of ther~ neutrons~ absorbed per 

-7(7.. "'1.. ) 
• In order 

secon4 by one 

ing: 

ably affect the 

to R. 

tance 

• 

lattice, we may c nsider the follow­

sphere, which i s embedded in carbon, does not appreci-

ermal neutron density at distances which are large compared 

shows that even for a "black" uranium sphere at a dis­

center of the sphere j has already reached the value 

For this reason, the uranium spheres within the lattice affect 

er with respect to their thermal neutron absorption only in 

of these spheres in the carbon determines 

the distance L between neighboring uranium spberes within 

the lattice will be large compared to B, the range of the resonance neutrons 
-,~ 

1n carbon, we have for ~ , the number of resonance neut rons absorbed 

by a uranium sphere wi t hin the lattice 

(21) J fC<:.-= J ~ 

~l ):±'E LN-~~a~~-~~ 
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f~··~ p-yY~r~ ~ 

From this 1 t fol l ows that q J't_he fj"ao~i on of tdrl tb .. /neutrons ~ich ·aPe abse!'b 
k~#o(,~tJ4A.~~~ 1114~~ ~?~~c .. ,.,;.-.-._ 

ed by the uranium spheres in the t e mal re gion alone i s given by ~ ~ 

---- _ F c~.. (, -r£) 7 
(22) r ~ ~ 

or 
f" ErJ.. (t -d_ ) 

(23) p-G ~ t!f'~ <J'~-1'1~ ~ .. ~~ ~ ~ ~ 
Thi s expres sion has i t s maximum value f or ()(. :- rX rw.. 

_, +-V t +e.' 
(24 ) I -~-

(. 

and for the maximum value for q we have 'Y- ~~ 
o{~ - ,_ f-

- -(25) .2. 
- I -1- V I +-E. 

7 

( 26) of. 9rYY\ - I 2.. 
~ 

or 
"r~ (27) E -

I I - t f'rltl\ ) ~ 
{ CORRECTED) VALUE 

By oalculatine the value of q from £ we ba e neglected t he effect of 

the absorption of resonance neutrons ( by the uranium s heres ••eaii in the 

lattice)on the production on thermal neutrons in t he carbon in the neighbor­

hood of t he uranium spheres. The absorption of resonance neutrons reduces 

1n reali t y the value of Q near ~he spheres below the average ~ue of Q and 

accordingly t he coerect numbe;t,;rrtbermal neu rona absorbed by the uraniua 

7 ~ . spheres per sphere will be smaller than 

value for the difference(j ~ J ll ) 
ing way: 

of In order 'to find the 

we may ~.o~in the follow-

If the uranium spheres in the lattice, '. ;,- :..::. .:.;~ ; -: stopped absorb-

~resonance neutrons then a neut ron which reaches a given sphere at least 

onoe while ita energy is in the resonance region would have some probab111t7~ 

of reaching the sphere at least once after it had been slowed down to t he 

thermal region. On the other hand, the probability ~hat the sphere which 1• 

, 



_.....,.-
»ot "black" f or thermtl.l n 0utrons ubsorbs .... .. """ 

th0rmal n eutron ~~ ich reaches 

the sphere at leas t once i s ~iven by ~ 

I ./ was ori o~nally defined 
I 

as t he rati~ of t he numb er of t hermal neut r ons wh ich a sphere of uranium 

ab sorbs and the numb t:. r of thermal neutrons which an equally "black" sph ere of 

uranium would absorb under t he same previously specifi ed conditions. It is 

eas - to see t hough tha t ~ ~ can also be defined as the rati o of 

the number of thermal neutrons which are absorbed by the uranium sphere and 

the number of thermal neutrons which reach t he surface of t he uranium sphere 

at least once during t heir life time . That these two definitions of 

are identical simply follows from the fact th u. t a "bla ck" uranium sphere ab-

sorbs all the th er mal neutrons whi ch reach its surface during thei r lifetime.) 

It follows that Y..N..- t,_ ~ 
- /t 
d--

I 

(/ I 
o~)/~1 

correspondingly we have 

or 

/ .,.£c<-Vf' 

and by 
~s--~ 2/ / 

introducing "&be value off""- from equationJ No we f lnd 

I - "'l'r I - p--d 
4~~ 

n!IJct't' If we neglect terms whi ch contain poVIers higher t han the second of 

v(// -t~) 
' 

/.,J-t~ ! 
("-V f ·r--rr ~fhk 1 -

-..'fo-r-... / ... o~~-t ,_ t- ) 
we obtain ·:f:bm 

J. p-lt~p-) ;-., __ lj 
Taking into consideration t hat we have V <. I and that for the uranium spheres 

' .JJ .J- - /lM~ 
which we shall consider r ha~ a value of ab ,ut 7 =~.~we~ assume 

.,., r :- o. s . 
fron. No. 28 : 

we liW:I 5 , 

(3o) '; ~ > 'f ~ /( a ·7 
With 1ncree.a1ng ,...._ f;lj""' approaches ~; £:_ /'!:_<J.b6/; J- :> 0- t:d', 

We h&T4 l c.,-,y-j',.,., > Q. 9 J. fOr f f 0, b f~ / 1~ :=.. 0, 7 3 r 

~ htW--<.. i c..rrr/ > (). 9 ~ 
I {~ I 

/0 
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-It •• !a&Ye DOW an 1Jlt1Jl1 tell large number of uranium apherea forJiin& a 

latUee •bec14e4 1Jl &ll 1nt1D1te ,aaa of oarbon and want to oa.loulate the rat» 

ot \be ... ber of thermal neutrons and reaonanoe neutron• abaorbed by the ura­

a1Ga apberea, we &ball again aesume for the time being that eTer)~here in thd 

earboD the aame number Q or neutrons enter the roaonanoe region and the ther­

-.1 region per o.o and eeoond. 

In the abaenoe of uranium the thermal neutron d$nsity in the craphite is 

11 'fen bJjo : .fL. Jrc) -- . If ~ lattice ot uraniua apherea ia embedded in the 

oarboD, the a'fe~age neutron denaity JP in the carbon is reduced by some 

taotor rf. • -p 
..; 

Sinoe the number or neutrons captured per seconJ uy curbon is proportion- , 

ate to the average neutron density, and since in the absence of uranium all 

the neutrona produced are captured by carbon, the traction or the neutrons 

whloh ia captured by carbon in the nreeence of t~e uranium lattice is Given 

b7 ~ • Correspondingly, the fraction of the neutrons whioh are absorbed 

b7 the uranium lattice is t;ive;l by /- ~ • ~ 

·In order to determine the number of thermal neutrons~ absorbed per 

aeoonA by one uranium sphere within the lattice, we may consider the follow­

ing: a single uranium aphere, which i s embedded in carbon, does not apnrec1-

abl.J atteot the tb.erm&l neutron density at distu.nces ... .-h1oh are lu.rce coop!ll"ed 

to a. Bquation Bo. 5 showe that even for a "black~ urunium sphere at a dia­

~oe of 2 a ~rom the center of the aphere Jf has already reached the value 

ot Itt f 0 $ For thiB re~on, the uranium spheres .1 thin the luttioe ~!eot 

eaob other with respect to their thermal neutron absorption only in so !ar aa 

the preaenoe ot thea• spheres 1n the carbon determines the averaee neutron 

(2ol) 
JUrthere aince the dietsnce L betwaen nei&hboring uranium spheres within 

J~~o('J~ 4ea.1tJ, and we haTe 

the lattice will be largo compared to B. the range of the resJnunce neutrons 

1n oarbon, we h&Te tor d
_.v ~ 

, the number of resonance n~u trons absorbed 

b7 a uranium apherG within tho lattice 

(21) ;; ~-= J' ~ 
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t • tbe tnaU• ot aU t.lle anU'ou wlaioh art abaorb 

f= _E_.I.. __ (1- L ) 
lfolo( 

~bia expreaaloa h .. 1ta mey1.. value tor ()(. ... tX"""" _,.,... v,.,.E.. 
(. 

u4 tor the aaxiaua value tor Q. we have ~ - 1'-' 
o(f"N\. - 1-f-

(26) - %. 
- I -#- V lo~-£ 

, 
(16) 9,_ ~ I 2. 

~ 

or 

(2'1) 
E = 

( I 

CORgCTEl) V.t,LOE 
By oaloulatlne the value ot q trom £ we ba.\' e neglected the ettect ot 

tbe abaorptlon ot resonance neutrona(b7 the uraniua sphere• ...... in the 
lattloe)on the production on thermal neutrons in t he carbon in the ne1gbbor­
b0o4 ot the uraniua spherea. The absorption ot resonance ·neutrons reducea 
1D reali t7 the value ot Q near Abe spherea below the avera&• 111.ue ot Q and 
aooor41»Bl7 the con-eot numbe~~theraal neu .. rona absorbed b7 the uraniua 

7 ~ . apberea per aphere will be saaller than 
Talue tor the ditterenc-{j !:_ - J li.) 
1DC wq: 

Q' In order to t1nd the 

It the urUliua spberea 1n the lattice, c • ., :;;;;t _! :_ . . , stopped absorb- ' 
111.reaonance nntrona then a neutron which reaches a given sphere at leaat 
a.ae wb1le ita .aerCJ 1a 1n the reaOD&Dce region would haTe some probabil1t7~ 
of reaoh1»& the aphere at leaat once after it had been alowed down to the 
tb~ rec1oa. Oil the other haD4, the probab1lit7 t.hat the ephere which ia 
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•••• •ot "black" for thermal n eutrons 

the sphere at leas t once is given by 

ubsorbs u 

'/ 
th .... rm..l.l neutr..>n •. l. ich reaches 

( t(l was orib"inall~· def'1ned 

as the rat10ll vf the nw::~bcr of thermal neu~rons which a snhere u f uranium 
-c;, 

absorb• ..aad the numb -- r of' thermal neutrons which an equally "black" sT>here of 

uranium would absorb under the same prevlo~s l~ specifi e d conditions. It is 

easJ to see t hough thut yo «'•m•rwtxw can also be defined us the ratio of 
tQ 

the number of thermal neutrons wh ich are absorbed by th e uranium SDhere and 

the number of thermal neutrons which reach :.he surface o f t!:e tu'-..l.lliw:-. sphere 

at least once during tl.ei.r life time. That tl ese twu defini • io:L3 o f 

are identicH.l simply follows from th t fact th .. t a. "black" uru.nium s phe re a.b-

sorbs all t he th e r :~ a.l neutrons wl.ich reach i ts surface durin6 thoir l i fe : ix::e.) 

It follows that N-" /1 a.v«... ;(_ 

-; ~~~-=? - I 
o~)/'- 1 

correspondine;ly we have 

or 

and by 

/.;.£tJC-VjP 
\7..£~~2 J 

introu.ucin5 the value off ...,._ from equution.l No~ we find 

1- ~Y£~-L_j 
~~~ 

•"'''' If we neglect terms wh i ch contain powers hit;;her ~ha;1 t h e second of 

v[f/-f-. ) 
we obtai!l ttJm 

Nf- fc-.r"':'f-!/- -v'fr t-t-)")... f ; .. ~tf .!.__- t- J 
faking into consideration that we have 

J. t M<.{l.,_,_) I~ f-
V <. I and that for the urunium STlheres 

which we shall cone1der f has a value of ab u t tf-:: (I •. Cwe ~z~ ussur.e 

-.... ' 
{30) 

tWa\...... , . i'i•• -.aa\ a:~» ~1. 

a.nd find then for 9~ > () . .s- f ron. lio. 28 
, 

'f.~ > 'f '-' I( 0 ., 

Wl th I.Dorea.Unc f ,..,_ f....-1_ ,_ approaoheo l; For /:;D. 667 

.. ha'M [c..rrr/f..,.. >o.c; J. ~r f?- o. •fi / 1~ ~ o. 73 

..... "~ ,i~lf,_, > d·9~ 
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LATTICE OF URANiill•~ SPHERES 

1"/e shall nov1 ro n s ider an infinitely l arge number of u ranium s pheres wchi 

which may form, for instance, a cl o se-pack ed l a ttice embedded in an infinite mass 
numb er o f ~ 

of carbon and dK we shall determine q the ratio of t~fiermal reutrons absorbed 

by the uranium spheres to the number of resonance neutrons ~~!ihu~ produced in the 

system •. We assume that the production of resonance neutrons is homog eneous 

throughout the whole mass of the c orbon . The number of thermal neu trons produced 
~-~~~ 

in the carbon ~hmaller then the n umb er of r e sonance neutrons produced because 

a fraction of the l a tter is absorbed by the unanium spheres . 

In the absence of t h e uranium spheres in th e carbon t h e thermal ne~ron den-

sity f would have everyv~h ere the same value " c:> • In the presence of ura -

nium spheres in the c a rbon t he a verage Ir · tron densj ty in the c a rbon is re-

" 
du ced by some factor 

J 
Thi s reduction of the average the rma l n eut r on density in the carbon by the uranium 

spheres is lillU!!XX.!! partly due to the abS) rption of re s onance nen trons by the 

uranium s ~ here s a n d partly to the absorption of the thermal neutrons by the urani-

um spheres . Since the number of neutr~s c a p ture d pe r second by carbon is propor­

tionate to t h e ave r age n eutron dens~ty~~nd s ince in the e bsence of ura nium all 

the n eutrons produc ed arEJ c ap tured by carbon, the fr a ction of the neutrons which 

is cap tured by carbon in the presence of t h e uranium lattice is s iven by ~ • 

Correspondingly, the fraction of the n eutrons v1hich are absorbed by the u • nnium 

lattice is a iven by ,,_~ • 

r ~ 11- ~) 

We c an therefore 
J/,( 

write for q 

~.;) 

where J and J are the number o f the rmal n =utrons an (l the numb e r of re sona nce 

neutrons absorbed pe r seca ne by on e 1r anium sphere ln the l a t t ice . 
A .) {i "-

1e shall now c a lcula te the va l ue s o f J and J from the v lu es of 

and {) which were n reviously define d fo" a s i n rrle uranium sphere in carbon . In 

~ 

doing so we shall 1\Bglect for tm ~ime f::loins the f act that the pro dill tion of" the 

thermal neutrons in the CBrbon 'trhich contrlins a lat t ice of ura n um spheres is not 
1.c.. . -t .... ;f-r 

homogeneous EK.i:.N Q s it ~smaller in the proximity of the uranium snhere s than 

elsewhere . 'rhis effect wh:b h is du e to the absorption af resona nce n eutrons in 

the urB.nium spheres , will be t aken in to account l ater an d ,vill lea d to a small 

correction v.rh ich has to be a pnlieo t o the fjnal r esu l t . 
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' ' 
If the distance L of the neicrhbor1n., uranium spheres in the lattice is 

large c ompared to the radjus of the spher e s the effect of the thermal neutron 

absorption of one uranium sphere on the thermal neutron absorption of ~: :f its -
nei~hbors will be negli~Zible . Nevertheless, if the average thermal n eutron 

may be g reatly reduced in the carbon bv the presence of the ura-

nium spheres in particular if the range. of the trermal neutrons in carbon is 

large compar ed to the distance L. Under sum conditions the aver ge thermal -
neutron density f determines with good approximation the number of thermal 

neutrons absorbed by in the lat ti ce and we can wr te 

I 
JK 

In realitl the thermal neutron absorption will be somewhat hiC'"her so that 

No. presents a conserv ative vplue but the correction is small if the volume 

of the uranium spheres is small compared to the volume of the carbon . This 

c an be seen, for instance, from Equation No . which shov1s that for large 

~I f. 
values of 1 1. the thermal n eut ron density is e lose to 

uranium sphere whi ch js black for the rmal n eutrons! · ) 

, even for a 

} 



LATTIC ~ iJ.f' U.RAN:rtm SPHERES --
LGt us c onvidor now an 1nf1n1toly lar3C number of. ranium ·phgr s embedded in 

1n an 1n.f1n1 te mass of cnrbon . 'f!1e U1"•- nium .3nhere. nay ro:rr.1 fo -1n.)tanco, a 

elose- rackGc1 lu t tieo . Vi e sbnll ~ssurne t:tnt ever~r"''1ero . n tbe c~H'bon the same num-

b-ep of neutr ns ontc,r the reson·-l!lce r e ion per c . c . and second • 111 · ·(.:. eh to 

det€rm1ne q tb• r tio of the numb r o.t t.~erms.l n ., trona .nbsorb d b-v the ur an1um 

~eres to Uiu nunber of r~son9nce n~utrone pro~tced 1n the system. 

In t'le ubsotlC \=> of the Ut"ani.unl sph6ras in he .arbon t-;he t!"·ermr:l ne- )tron den-

s1ty ~l;ould have ever:vvrhere t I>c·~ snme value • 

uranitUrl sph6l:'G"' in the c srbon -the v er•age n routron cen~ i ty 

redl\eed by so e factor 

If in the presence of 

in the ecrbon 1s 

This re r, uction OI' the a vcrRge th$rttal n ut'~"on dens ty in thB cnrbcm bv the unani 

spheres 1s due to two causes, . e . t.o the ab~orption ot re son·1nce nt-.utr-~ns by the 

uranium spheres no ~o the nb: or· ion o:f' thP therrr.n l n n bO"lD b;r the · 'l" niu.!n spbe 

Since tl o nut=be:r of neut!')ns c . ptur ed per second by c .rbon is :tJrOportionats 

to the av"rage n utron density~ nnd t:dnce in the r bsenc7 of ur.- nium ll the neu-

trona j roeluced c re C9pturo 1 by carbon. the f'rs_ction n:f tho neutr'O ns ~ 1 dl 1a 

oapturfJd by carbon in the prosonco o.f.' the u raniillm l .... tttce i- ':1.ven by • 

Correspondingly, the i'raetion of the neutron3 ~l ich -re abnol"bec· by the u ?·f, nium 

lattice is given by • We con therefore write for q 

;rumxaJUIJill'i 
a.DXJixxxbxi:~:xBmlili:Je.XX.fllbc:titRJ:DIDtK d,n,l!1JXOxudfliJ:i:;Up»m:XJU;mdJl~~!Du:JexilU.&U 

iSBi!Ua-JXJI~JLDt)JJI.ZXd;rzesr,tftK~«JJKXWJ.taJTCWEiitx~XZAJmmrut 

where J and J a.re tm number of thermal neutrons and the nmrber of resonance 

n EUtron ab~orbed per second by one ur~nium sphere in the lR tti ca . 

e shall nov1 ro~ate the value e. of' J and J to the values of and 

wb.icll were previously defined for a single uran Ul!. sphere 1n ct_rbun . In doing 

ao ~~e shall neglect for the time being the fact that the thermal neutrons in the 

earbon . bich rontoins a lattice of uranium s 'heres is not homo ·eneous but the 

production of tn(!l thurme.l ll~lf neutrons 1n tho noi,shborhood ol' tte uranium 

spheres 1s r·edueed by v rtue ci: tho absorption of resonance neutrons by tho 

urani um sphe1·es . '!lh1s effect will be taken into aca:> unt lotor ond lead to a 

small correction th1ch has to be applied to the finn~ result . 
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